Quantum Entanglement and Error Correction
Fall 2016

Bei Zeng

University of Guelph



Course Information

Instructor: Bei Zeng, email: beizeng@Qicloud.com
TA: Dr. Cheng Guo, email: cheng323232@163.com
Wechat Group: Course materials and discussions.
Download Scichat: http://scichat.com/

Scichat broadcast (beta): group number 2060

Please do NOT share the scichat video link (view in group
please).

Registration and evaluation.



The Book

Part of the course will be based on the book

Quantum Information Meets Quantum Matter
— From Quantum Entanglement to Topological Phase of Matter

Bei Zeng, Xie Chen, Duan-Lu Zhou, Xiao-Gang Wen

In Springer Book Series -
Quantum Information Science and Technology

https://arxiv.org/abs/1508.02595



Quantum Mechanics in Finite Dimensional Systems

An arbitrary state can be expanded in the complete set of
eigenvectors of A (AVY; = a;V;).
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When n is finite:
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Inner Products
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Observables

Average value:
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Dirac Notation
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Inner Product
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Operators
AU — A|T) = |AD)
(AT| = (T|A
The average value
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Operators

A basis for matrix |i)(j]
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Example
For

1) = —=(10) + 1) +[2))

a\

and

|p2) = (|0> —il1) +12))

%\

and an operator
A = i|0)(1] = i[1)(0] + [2)(2]

compute (a|1p1) and (1|Alr).



Evolution
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If H is time independent
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Evolution is unitary
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Two-level System

Electron Spin: The Stern-Gerlach Experiment

oven

— |+2)

— [=2)

Figure 1.22, Abstract schematic of the Stern-Gerlach experiment. Hot hydrogen atoms are beamed from an oven
through 2 magnetic field, causing a deflection either up {| + Z)) or down {| — Z)).
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Figure 1.23. Cascaded Stern-Gerlach measurements.

Figure: From Nielsen & Chuang



The Stern-Gerlach Experiment

|+2) I+X)
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oven > Z X Z

Figure 1.24. Three stage cascaded Stern-Gerlach measurements.

Figure: From Nielsen & Chuang

The interpretation: the electron spin, a two-level system
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Qubit
Two-level system |0), |1) — Qubit:

[v) = al0) 4+ B[1), |a® +18* = 1.

- 0 - 0
|¢) = e (cos §\O> + €' sin2|1)> :

Figure: Bloch Sphere



The Pauli Matrices

(10 - 01
~“\o 1) 1T %7 1 0)°

>
I

Any 2 x 2 matrix A can be written as
A=Ad+A-G=Al+A,X+AY+AZ

Ap+ A, A, —iA,
Ag +iA, Ag— A,



Evolution of Qubit

uip U1l
UTU = UUT =1 is a (single qubit) quantum gate

A 2 x 2 unitary operator U = (UOO u01> with

Example

> Bit flip: X = ((1’ é) — 0)(1] + |1)(0]

» Phase flip: Z = <(1) _01> = [0)(0] — [1)(1]

» Hadamard Transform:
1 1
= (1 L) = 0000+ 00+ 1ol - ).



The Density Operator

If with probability p; we have the pure state |1);), where
>, pi = 1, we have an ensemble of pure states {p;, |1;)}. We use
the density operator p to describe this ensemble:

p= Zm\%ﬂ%’
For a pure state [¢), the corresponding density operator is
p = [1) (|, and
p* = ()N () WI) = [0) (W) ) = [¥) (]



The Density Operator

For the ensemble {p;, |¢;)}, we have the density operator
p = >, pi|¥i)(;|. For any observable A, its average value is

A)p = Zpi<¢z'|AWi> = sz' tr({1i| Ali))

= sz tI‘ AW% wz Ztr Apl’¢z><¢z|) =tr (Ap)

Properties of density operators

» Trace Condition
sz tr W}z 1/11 sz =1

» Positivity Condition: for any state ¢,

(dlplo) = Zwm (¥ilo) = szr élvi)|? > 0.



The Density Operator

Example

For a single qubit, any density operator p can be written as

1
p:f(I—l—F'&):§(I+7‘xX+er+rzZ)

Figure: Bloch Sphere



Composite Systems

The state space of a composite physical system is the tensor
product of the state spaces of the component physical systems

For two systems (two vector spaces) Vi and Vs, we have two
states

[P1) € Vi, |ihe) € Va
The joint state of the total system is

Y1) ® |12)

For n systems with states |¢;), i =1,2,...,n

1) @ [1h2) @ -+ @ |1y)



Composite Systems

Properties of tensor products

» bilinear

[U1) @ (alpa) + Blg)) = alihr) @ [1b2) + BlY1) @ [¢2)
(1) + Blo1) @ [2) = alth) @ |a) + Bld1) @ [1a)

» inner product

(1| @ (2|)([¢1) @ |h2)) = (Y1]¢1)(Ya|d2)

» operators A; ® Ag

(A1©A2)(|11)®[Y2)) = (A1]v1))@(Azl¢h2)) = [Arih1)@[Azia)



Composite Systems

Matrix representation: Kronecker Product
For two matrices A (m x n) and B (p X q):

a1 a2 -+ Gin bir bz -+ by
a1 a2 -+ a2, bor baa - by
A= . ) ) . B = )
aml am2 " Omn bpl bp2 te bpq

their tensor product

a11B CL12B cee alnB

a1B  axB -+ a,B
AB= .

mp X ng

am1B apeB - 4B



Kronecker Product

Example
ForX:<(1) (1)> ande(? BZ>,
0 00
xev= (13 5%) -0
i 00

X®Y X;®8Yy X;Y; XY
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Multiple Qubits

A single qubit: |¢) = ap|0) 4+ a1]1). {]0),|1)}, a basis.
Two qubits: {|0) ® |0),]0) ® |1),]1) ® |0),]1) ® |1)}, a basis.
Other notations:

0) ®[0) [0)|0) [00)

A two-qubit state:
”lﬁ> = a00‘00> + a01]01> + a10\10> + a11‘11>
For [¢1) = ap|0) + a1[1) and [¢2) = Bo|0) + £1[1),

[11) ® 1h2) = apfBo]|00) + o B1|01) + a1 8]10) + 1 5111)



Two Qubit Gates

Example
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Quantum Entanglement

1
V) = 7
1Y) # 1) @ |2)

1) = a0|0) + a1 |1)  [h2) = Bo|0) + Bi1)

(100) +[11))



Quantum Entanglement

) = —=(100) + 1)) = —=(|++) + | =)

7 ﬂ
|+) = —(|O> +|1)) eigenvectors of X

g



No-Cloning Theorem

W.K. Wootters and W.H. Zurek, A Single Quantum Cannot be
Cloned, Nature 299 (1982), pp. 802703.

Suppose we can do [p) — |[¢)|1), then we have a unitary U
acting on [¢)|0), such that

Uj0)[0) — 0)[0)
unioy — Hin

Therefore,
U(al0) + 8[1))[0) — «[0)|0) + B|1)[1)
but we know that

al0)[0) + £11)[1) # (al0) + B[1))(a]0) + 5]1))



The Reduced Density Operator

For a two-particle density operator p, the quantum state of the
first particle is given by

p1=trap

V1 of dimension d;, with basis |a1), a =0,1,...,d; — 1
Vs of dimension dy, with basis |b2), b=0,1,...,dy — 1

tra(laj){ar]) @ ([b5)(b2]) = |ai){ax|tr(|bs)(ba|)
|ay){a1|(b2|bs) = |ay){a1|du

If p = 01 ® 09, then

p1 = trap =tra(o1 ® 02) = 01 R tr(og) = 01



The Reduced Density Operator

Example
For |[¢) = %(yom + [11)), find p;.

0)(0] + [1)(1 I
= npp = OO+ 00T



Why Partial Trace

Consider a two particle state [¢)) = a;;|ij), and an operator Ay
which only acts on the first qubit. Then the average value

(VA1) = Zafj@j’ Ay (Zakl“d))

= > aap(il Ak () = afjar (i A]k)
ijkl ijk

= () ajjars(ilAilk)) = (Y ajjan;Aq k) (i)

ijk ijk

= tr(A1 ) ajjar|k)(i]) = tr(Aip)
ijk



