
Intro: Difficulty and Advantage in Quantitate 
Investment
• Difficulty: noisy and unstable 
• Advantage: option to say I don’t know

• Scheme 1: observation 
!"#$%&'(

prediction
()*+)&,-

trading signal
• Problem: hard to train ML models (due to the difficulty - we did not make use 

of the advantage)
• Possible solution: train ML model that yields not only prediction but also 

calibrated confidence (how to label confidence? i.e. predictable cases and 
unpredictable cases)

• Scheme 2: observation 
."

trading signal
• Suffer from the difficulty at the same time benefit from the advantage
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Deterministic Policy Gradient

Silver, David, et al. "Deterministic policy gradient algorithms." ICML. 2014.
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Recap: Stochastic Policy Gradient Theorem

• Stochastic policy: !" #, % = ℙ[%|#, *]
• RL as maximization:  , !" = ∫. /0 # ∫1 !" #, % 2 #, % 3% 3#, 

where /0 # = ∫. ∑5678 95:7;7 #< ; #< → #, >, ! 3#′
• Policy gradient theorem (Sutton, 1999)*

• Key: how to estimate @0(#, %)? 
• REINFORCE (William, 1988, 1992): use MC (no bias, slow, high variance)

* Proof on Sutton’s book Reinforcement learning
5/25/18 sealzhang.tk 3



Recap: Actor-critic and Compatible function

• Actor-critic: 
• actor → "#(%, '); update along ∇#*# "#
• critic → +,(%, '); update via any value function estimation algorithm

• Use function approximation to estimate +, %, ' → +-(%, ')
• Without bias: compatible function approximator*
• +, %, ' = ∇# log "# ' % 2 3
• 3 = argmin 9: 3 = argmin;<∼>?,@∼-A[ (+,(%, ') − +-(%, ')):]

* Proof on Sutton, et al. Policy gradient methods for reinforcement learning with function approximation. NIPS 2000.
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Recap: Off-policy

• Off-policy: to explore more efficiently, especially when target policy is 
deterministic
• Off-policy policy gradient theorem*

! "# = %
&
'( ) %

*
"# ), , -( ), , ., .)

→ !0 "# = %
&
'0 ) %

*
"# ), , -( ), , ., .)

∇#!# "# = 23∼56,7∼( ∇# log "# ), , -( ), ,
→ ∇#!0 "# ≈ 23∼5<,7∼0

"#(), ,)
?#(), ,)

∇# log "# ), , -( ), ,

* Proof on Degris, Thomas, Martha White, and Richard S. Sutton. "Off-Policy Actor-Critic." (2012).
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From Stochastic to Deterministic

• All the above conclusion are based on stochastic policy gradient
• When target policy is deterministic, gradient computation doesn’t 

need to sum over action space, thus faster.
• On-policy: ∇"# $" = &'∼)*,,∼- ∇" log $" 1, 2 3- 1, 2

→ ∇"# 5" = &'∼)6 ∇"5" 1 ∇,37 1, 2 8
,97: '

• Off-policy: ∇"#; $" ≈ &'∼)=,,∼;
-:(',,)
;:(',,)

∇" log $" 1, 2 3- 1, 2
→ ∇"#; 5" ≈ &'∼)= ∇"5" 1 ∇,37 1, 2 8

,97: '

*

* Provided relevant functions are continuous
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From Stochastic to Deterministic

• Deterministic case is a limit of stochastic case

* Conditions B.1: !" is regular delta-approximation

*
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On-Policy Deterministic Actor-Critic

• (On-policy) deterministic policy gradient theorem
∇"# $" = &'∼)* ∇"$" + ∇,-. +, 0 1

,2.3 '
• Sarsa used to estimate action-value function

5/25/18 sealzhang.tk 9



Off-Policy Deterministic Actor-Critic

• (Off-policy) deterministic policy gradient theorem
∇"#$ %" ≈ '(∼*+ ∇"%" , ∇-./ ,, 1 2

-3/4 (
• Q-learning used to estimate action-value function
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Compatible Function with Deterministic 
Policy
• Stochastic 

• ∇"# $" = & ∇" log $" *, , -. *, ,
• -/ *, , = ∇" log $" , * 0 1
• 1 = argmin 78 1 = argmin&9∼;<,=∼.>[ (-/(*, ,) − -.(*, ,))8]

• Deterministic
• ∇"# D" = & ∇"D" * ∇=-E *, , |=GE> 9
• ∇=-/ *, , |=GE> 9 = ∇"D" * 01
• 1 = argmin 78 1 = argmin&[ ∇=-/ *, , |=GE> 9 − ∇=-E *, , |=GE> 9

8]
• Compatible (= no bias): ∇"# D" = & ∇"D" * ∇=-/ *, , |=GE> 9
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Specific Form of Compatible Function

• Deterministic
• ∇"#$ %, ' |")*+ , = ∇./. % 01
• 1 = argmin 89 1 = argmin:[ <

=
∇"#$ %, ' |")*+ , −

∇"#* %, ' |")*+ ,
9]

• #$ %, ' = @$ %, ' + BC % = D %, ' 01 + D % 0E = (
)

' −
/. 0∇./. % 01 + D % 0E
• This is defined to satisfy cond. 1. Use Q-learning to approximately 

satisfy cond. 2
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Compatible Off-Policy Deterministic Actor-
Critic (COPDAC)
• !" #, % = ' #, % () + ' # (+ = % − -. (∇.-. # () + ' # (+

• Gradient Q-learning to prevent diverge (COPDAC-GQ)*

* For detail see Sutton’s book chapter 11.7
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Experiment: Continuous Bandit Task

SAC-B (stochastic actor-critic): !",$ ⋅ ∼ '(), exp - )
COPDAC-B: / ⋅ ∼ ' 0", 123 , 0" = )
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Experiment: Continuous RL

SAC (stochastic actor-critic): !",$ %,⋅ ∼ ((*+,(%), exp 1+,(%) )
OffPAC (off-policy actor-critic): explore as 2 ⋅ |% , learn a stochastic policy !",$ %,⋅ as SAC
COPDAC: 2 ⋅ |% ∼ ( 4" % , 567 , 4" % = *+,(%)5/25/18 sealzhang.tk 15



Experiment: Octopus Arm

• Task: 6 segments attached to a rotating base; strike the target with 
any part of the arm
• 50 continuous state var.; 20 action var.
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Deep Deterministic Policy 
Gradient (DDPG)

Lillicrap, Timothy P., et al. "Continuous control with deep reinforcement learning." ICML. 2016.
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Recap: Deep Q-learning

• Q-learning: 
• ! ", $ ← ! ", $ + '[) + * max

./
! "0, $0 − ! ", $ ]

• Policy 3: $ ← max
./

! ", $0

• Learn NN parameters for Q-learning in stable and robust way
• Replay buffer to minimize correlation between samples
• Target Q network to give consistent target

• When action space is high-dimensional continuous space?
• → Deterministic policy gradient
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DDPG

Ornstein-Uhlenbeck process 

Replay buffer

Target Q network and 
target policy network

Critic network training
(with batchnorm) 

Actor network training
(with batchnorm) 
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Experiment
Input: 64x64(pixels)x3(rgb)x3(action repeat)
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Experiment
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