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Optimization Basics

/fjﬁ/f/t/_—t&ﬁu 9\:[[ T//\




Linear Algebra Z¢ /L4

* Vector M= v = [0,1,2,4,0,2]

. 1 0
V] _
atrix 5% M 0 1

Tensor 3K T = [|[1,0],[1,1]], [[1,0],[0,1]]] (2 X 2 X 2 tensor)
* Inner product of two vectors PR

x y=<xy>=x"y=3%;xy

L2 Norm ||x||2 =< x,x >= / cxF (xBTS

L1 Norm ||x||1 = > %]

e General Norm:
(1) |1xl| = 0; @)|Ixl| = 0if x = 0 3)|lcx|| = c|lxl| D |lx = yl| < [lx = zl| + ||z — ¥l|

(2 X 2 matrix)




Linear Algebra Z¢ /L4

* Eigenvalue F¥IEH: Av = v (v MAFIEHEARFFIE F) &)

* Positive definite IE%E: xTAx > 0 for any x
(equivalently A is symmetric and all eigenvalues are positive)
A &N FRRE B A R (R DN IR

* Semi-Positive definite J* IE€: xTAx > 0 for any x

(equivalently A is symmetric and all eigenvalues are nonnegative)

A XS FREE B AT REEAE AR 1




Linear Algebra Z¢ /L4

« Two vector x, y are orthogonal P3| [r] = 1EAZ

<xy>=2;xy; =0

e Orthonormal basis {x;}; IE32 3%
<x,x>=0ifi #j, <x;,x >= ||xl-|| =1

* Projection of a vector z to a subspace K (of dim k) ¥ [a] &= 245 52 Bk 4E 1 25 [A] K
Suppose X = {x;};=1 ., (each x; is a col of X) is an orthonormal basis of K

Py (z) = XXz (projection in original space) t

X'z is the projection point in the subspace 3
Hi: ||.U1|| =1

Pyt = pypuit + ppujt

Uz: ||Ivlz|| =1



Calculus AR 43

o Gradient BV f (x) = [a_f

* Hessian Hf%FE V4f(x) = [ o/ ]

axiaxj

Jj
Chain rule &% 2y ]

F = f(gl(x;yyz):gz(x'y'z))
a_F . af . 5‘g1 + af . agZ
dx dg; 9x g, Ox
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BRI 2T Convex Functions

f () <5 (F@ + F))

cflx+ (1 -y <tf()+ A -0)f(), vte][01]
(the above two definitions are equivalent for continuous functions)

Convex f=x"x + y*y # (degen t )f

fy)

tf(x) + (1-t) f(y)

f( tx+(1-t)y )

y




[U] BRI ZX Concave functions

* fis concave if —f is convex




HE ™M R %X (Nonconvex Functions)

% /5 - Saddle points

H O N & O




BRI 2T Convex Functions

« —[jr 2% 14 First order condition (X} A] <F for d|fferent|ab|e
* fO) =)+ V() (Y —x) /

A [j_ﬂl - X y

e 4% Second order condition (¥ — X A] 5 for twice-differentiable f):
* Hessian matrix V4 f (x) is positive semidefinite (psd - 1F 7€)

72100 = |5e0|

0X;j ax]

VZf(x) ZlmE [ f )%'*B [P B AR V2 f(x) specifies the local 2" order shape of f (how
f matches a quadratic function locally)

« Z5#)) & H Recall Tayler expansion: .
fO)=Fx) +Vf )y —x) + E(y — )7 )y —x) + -+




' PR %Y Convex Functions
« INRFAT] SR ? What if f is non-differentiable (but still convex)?

e Subgradient
First order condition: g is a subgradient at x if f(y) = f(x) + g' (y — x)Vy

/ __,f(-l"z) T g.j(‘r — X9)
| f(;l"_}) e Q;:'(;l‘ — ‘}_12)

Both g, and g5 are sub-grad




"MK Convex Optimization

* Convex optimization: fy, f;, ... are convex functions, h; are linear functions

minimizex fO (x) —  f,:objective function 1) H b5 e L
SU,ijCt to fl(X) < 0Vi } All x satisfying the constraints defines

_ — : a convex region (feasible region).
hj(x) = 0] LR A GRS

Conue* -Fegsi\olﬂ. Ye\j‘l""“
mini)r(nize f(x),

st xedC.

Contour Maf



"MK Convex Optimization

e Linear Programming: (Z&{EHE1%ID)
minimize c'x subject to Ax > b,x =0

---------------

................................

 Optifmal
i Solution




"MAEAL Convex Optimization

* Quadratic Programming (XKD : P is positive semi-definite
(PreY-1E%E)

- . . 1 T T
minimize Ex Px+q'x+r
subject to Ax = b,x =0

Note that if P is not psd, the objective function is not convex (it can be even concave). #HISRPAEEIEE, HBHWn R EA L M)



AL Convex Optimization

— R4EHI K Second Order Cone Program (SOCP)

JL{A #1 %llGeometric Programming (GP)

o 7€ #l Xl Semidefinite Programming (SDP)

See the classic book [Convex Optimization] by Stephen Boyd and Lieven Vandenberghe



RE6 S T BESub-gradient Descent

Sub-gradient Descent for unconstraint minimization:

(TCLIAR K s/ IME BIIRBR L T B

e Iterate until converge: x**D = x(®) — g, g,
* ay: step size

 Constantstepsize:a; = ay = az = -+

« Decreasing step size: a, = 0(1/k), a, = 0(1/Vk),....
* Testing convergence

o |f(x®*D) — £(x()] is small enough

Subgradient at x )




RE6 S T BESub-gradient Descent

 Guarantee to converge for convex function X7 ™ B8 £k 1 n] LR TE AL ER
« May converge to local optimal or saddle point for nonconvex functions (If

R SRR L)

local min local max saddle point

b o N R




SENLEE E R % Stochastic Gradient Descent

o Plas > g DL 4 25 B 20 Common loss functions in ML

 loss(w) = (1/n) X;ir, £;(w) (each #; corresponds to a data point, w is the
parameter we want to learn)
* Eg.fi(w) = Wiy —y)?

* SGD: Iterate until converge: w D) = w) — o b LA B EL
* hy is a random vector such that E[h, | = g
* Forloss(w) = (1/n) X, £;(w), we can choose h;, = V£;(w®)) where i is
chosen uniformly at random from [n]
» Itis easy to see that E[h;] = E[V¢;(w®))] = (%) ¥, Ve (w) = Vloss(w®)

* Hence, in each iteration, we only need one data point



GD vs SGD

N \
b0 s00 o s‘bo 71000 1500 2000
)

1000 1500 2000

Batch: gradient Stochastic: single-example gradient



SGD

o YN SEHISGD How to implement SGD (to make it run faster and on larger
data sets {1{A[{FSGD B PR F H AL FE BF 2 4 4E)

* Parallel algorithm (Synchronous vs Asynchronous) 347 8.1k ([E2 / F48)

* Analyzing the convergence for asynchronous algorithm can be tricky

* Hogwild!: A Lock-Free Approach to Parallelizing Stochastic Gradient Descent F. Niu, B. Recht, C. Ré, and S. J.
Wright. NIPS, 2011

* Asynchronous stochastic convex optimization. John C. Duchi, Sorathan Chaturapruek, and C. Ré. NIPS15.

« Reduce the variance (&> 7))

* Rie Johnson and Tong Zhang. Accelerating Stochastic Gradient Descent using Predictive Variance Reduction, NIPS 2013.
* Mini-batch
* Instead of computing gradient for each single data point, we do it for a mini-batch (which
contains more than 1 points (e.g., 5-20). TR ALFE — P mini-batch FIIFEAS &5
* System level optimization ( RGLHALAL)
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Logistic Regression



Logistic Regressioni& % [A] - /

* Two classes: G=0,1 /

* Pix)=PriG=1x] R I R TR
x : feature vector  x: FFAE L N S
f,Bo: parameters *%if%é& (F S 28 F)D Logistic function: (1) =570 e

p(x) :

l — -

1—p(x) =fotx-f ol

gﬁﬂ"‘x'ﬁ 1 i+

p(x; ﬂ'ﬁO) - 1+€;50+x'f‘8 - 1+€_(r6:|+x;6) ok
p(x; B, Bo): B ZHNB, BoBf, FixJETclass 1ML




Logistic Regressioni® 4& [A] 1=

* Given training data {x;, y;}i=1 ._n, find the parameter g, 8, that
maximize Likelihood F& 2| 5 KACALAIR BRI Z 24

L(By, )= f[p(xi)-"s(l — p(x;.)l—:}';-
o Hr- KA HALLZR Objective — maximize the log-likelihood

(Bof) = 3 yilogp(x)+(1—7,)log1— p(x,)

=1

= > logl—p(x,)+> v, log )
=1 i=1

1—p(x;)
= Zlogl - p(xi)+zyi(/80+xi - B)

= 2—10g1+€’60+x""3+Zy.i(/80+xi-/8)
=1 =1



Logistic Regression i% 4 [A] ]

gﬁ}' =1 1—+‘€’63+I""8 =1

n

= Z (}’I — P(xi;ﬁﬂﬂﬁ)) Xij

1=1

B The gradient: ~ 9¢ - 1 Bt :
> 8 = efot 'ﬁx:';' +D %)

* Cross Entropy (between two distributions p and q):

H(p,q) = — Y p(z) logg(z).

* The objective of RL is in fact minimizing the cross entropy Gk AEEINEE
e 2L |2 B /Mbcross entropy)

o XN A B H B —Floss function




Logistic Regressioni® 4& [A] 1=

e Multiclass % 773 251% 45 9] 19

o3 +x-p
() 4 . ale)
S BB
C

- Softmax functi
* Easy exercises > @il ;

(1) Compute the log-likelihood for multiclass LR and its gradient
THHE 2 4 2RIZ 45 A1 VA IR B SR bR BORN LA,
(2) Express the objective as the cross entropy function

¥ H A5 e R 7 Flicross entropy BRI 1T 20

Pr(Y:C|X:x):




Logistic RegressioniZ 4 [A]

» Essentially linear decision boundary

Botx-f 1 T
p(x;b,w)= —

14 BeteB 14 o~ BoteD)

Feature is combined linearly

RHIER AR Ak I S —
* We can apply a nonlinear function (e.g., a deep neural network) to the feature

FAITA] LLfEfeature FAE AR St R (CUNVR FE 22 W 2% )




E'Zit*ﬁ?*fﬁlijil\/largm
SVM and The Idea of Max Margin




X FFIA =L Support Vector Machines (SVM)

e Derived from statistical learning theory by Vapnik and Chervonenkis

(COLT-92) CRIETguiit2= > #n,

Vapnik and Chervonenkis)

* Base on convex optimization. Solid theoretical foundation. (Z&F "1t

B8 R 5D

* Mainstream machine learning method. Very
for many years. (FiRGiE2—, J IZNA)

successful for many problems

* The ideas and algorithms are very important in the development of

machine learning. (J

H
* N\

H ARV AL AS 2 ) R

N
N

Y

* The max-margin idea (the hinge loss) extends to many many learning
problems (R] DL#A g 21K 22 HoAth ] 45

e Can be incorporated in deep learning (A] DAFIVRE £ 2] 456




297 R 17 el

0
- *
O
O O
[ ]
Class 1

wo Class Problem: Linear Separable Case

st

Aoy

* Many decision boundaries can

® Class?2 separate these two classes
HIRZ 70 FHE
o .
o * Which one should we choose?

FAT 2 AR ?

Note: Perceptron algorithm can also be used to find a decision boundary between class 1 and class 2



Example of Bad Decision Boundaries

AN FE LI 5

Class 1

o

@ Class 2

o

Class 1

@ Class 2

o




UFH 7> T mo K marigin

Good Decision Boundary: Maximizing the Margin

* The decision boundary should be as far away from the data
of both classes as possible (473 5% [H] & P S 20 45 S Al B2t )
We should maximize the margin, m Bl & K4t.margin

This is the simplest kind of

SVM (Called an Linear SVM)
KARLNESVM (7 FHTH R 4 1 e 20
Class 1




5 S s RK4marigin

Good Decision Boundary: Maximizing the Margin

* Maximize the margin, m




UFHIIT A 2k: m R Amarigin

Good Decision Bounc

* Maximize the margin,

ary: Maximizing the Margin

m

W | Support vectors
datapoints that the margin
ushes up against - 2
M = —— x| := /a4 +a2.
N 2/ o wl|
O "4 Class 2 A
O
wix+b=1
[]
Class 1
v,“: T .
WTX—|—b:_]_ . w'x+b=20




Ak A /8 The Optimization Problem

* Let {x,, ..., x,} be our data set and let y, € {1,-1} be the class label of x;
o 7 IER N BE I3 28 A The decision boundary should =

yi(wlx; 4+b) > 1, Vi

o [RFMEALIE (KD A constrained optimization (Quadratic Programming) problem

1
2
subject to y;(wlx; +b) > 1 \4)

Minimize =||w||2



A Geometrical Interpretation

ARG

\)
——h
A

¥

—

The boundary does
not depend on the
internal pts

(can be seen from

X

oc== 0

Class 1

Class 2

complementary
slackness)

Support vectors > {57 [A] &



2 A1) 43 0] @iNon-linearly Separable Problems

o VI H k€ We allow “error” &, in classification; it is based on the output of

the discriminant function w'x+b

o & LR IFEAZL £ approximates the number of misclassified samples

wlix+b=—1

New QP:

w2+ C X &

Subject to
y;(wx; +b) =1 —¢; forallj,
& = 0foralli

1 yi(wx; +b) >1-¢;
é’. O
(V ® Class 2
Xj
W O
u x; ©
[] B f
] ¢ WTX+b=1
T _
Class 1 Wix+b6=0

C : tradeoff parameter

What happens for very large C?
For very small C?



Hinge it J< PR L Hinge Loss
* Hinge Loss:
£(t) = max(0,1 —t)
* Think it as a Convexification of 0-1 loss
A] L hinge loss 2 %0-1 loss 1 i BRI 54K

* A reformulation of non-separable SVM using Hinge Loss:

3.0

2.5
2.04

1.5¢

1
min. E ”W”2 + CZ f(yl(WXl + b)) 1.0
i
@ 0.5
1 2 0.0
AlIwll=+ O &

S.t.y;(wx; +b) =1 ¢ foralli,
& = 0foralli

Hinge Loss




Hinge i 2% PRI Hinge Loss

* More generally, for classification function, the hinge loss of point x;:
PATTAT BLXT— Mz i) 59 25 1al i 52 Y Hinge loss

£(f(x;), y:) = max(0,1 — y;f (x;))

* Inlinear SVM, f(x) =wx + b

* If f(x;) has the same sign as y;, and |f(x;)| = 1, the loss €(f (x;),y;) = 0
R f Q) My [FIfFS, R If ()| = 1, BRBE L (f (), y) = 0

* f can be a function defined by deep neural network

AT DR A 22 ) 5 3L

* Hinge loss is a convex loss function (but not differentiable). Hence, we can use standard sub-
gradient descent algorithm to solve it.

AR R BE — AR R, B PARRATT = A6 OB T B



HoAth 452 < PR 2T Other (surrogate) Loss Functions

* Log (logistic) loss:

— Zero-one loss
— Hinge loss
— Log loss

E(f (xi), y1) = log (1 + ™/ 09)) | — i ios

The loss for logistic regression (y; = +1)
(the loss in previous slides was for y; = 0,1) *




HoAth 452 2% pR 2 Other (surrogate) Loss Functions

e Modified Huber Loss:

— Zero-one loss
— Hinge loss

£(f (x), y1) = = somte s
[ =2y, f(2;) +1 yif (z:) <0
S (yif () —1)° 0 <yif(z:) <1
0 otherwise

\

* Exponential loss (in boosting)

* Sigmoid loss (nonconvex)



1E N4 IiRegularization

e SVM: min.% Iwll“+ CY; 2(f(x;),v;)

* More generally:

mininimize penalty(w) + C Z oss(f(x;),y)
i

Regularization: What do
we want about w Loss: how well the function

2 . -
. { ||W||2 fits the training data

+ £, (LASSO): |1},
(it encourages the Why regularization?
sparsity of w) One important reason: prevent overfitting.[Jj 1L 0L &
Better generalization to new data points 2 Ak 5 iF



B A EAHLEEILSVM implementations

e Svmlight: http://svmlight.joachims.org/
e LIBSVM and LIBLINEAR

* Implemented in many machine learning libraries:
 sofia-ml (google)
e scikit-learn (python)
* matlab



http://svmlight.joachims.org/

R E6 S R B Sub-gradient Descent

* Hinge®i 25 X8 5 Subgradient for Hinge loss:

04 .
y o = —yix; ifyif(x) <1
" = 0 ifyif(x;) =1
* Coding HW:

Implement the subgradient descent
algorithm for SVM
(create a simple 2-d example and visualize it)

3.0

2.5

2.0F

1.5+

1.0

0.5}

0.0

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

15

2.0



SCFFIRVENLARAS SYM-Rank

* Imagine that the search engine wants rank a collection of documents for a

query 18R 5| % 7F B0 — IR 2Rk B B 45 R AT AR

* Training data Y| ZE#E (query (ai.11), (ds,13), ..., (. 10)-

* For each doc d and a query g, we can produce a feature vector #(q,d)
XA — &g, FATRE —DRFIE R E 2(a,d)

 Want to learn a good ranking function H#5: =] — N FHIHEA AL

* Assume linear ranking functions: d; is better than d; iff w®(q,d;) > @®(q, d;)

2\ :

‘ The weight vector
W, .=' we want to learn
ﬁg»

1 \\




SR SVM-Rank

* Training data (query, ranking): (a;,r1), (dz,13), ., (a4, 7).

* We want to following set of inequalities hold for the training data

X llgREE, AL N AN UL

V(di,dj) €r] : WP(q,,d;) > dP(q,,d;) 5 \Wa
7 03
V(di,dj) € 1y, : WP(q,,,d:) > WP(q,,d;) < ; i |
<> :



SCFEEAMLHEA SVM-Rank

* Training data (query, ranking):

(QIarT)t (Q:gaf;): =y (QTI‘.'-' r:h)'

* Natural Idea: Maximize the margin 5 X4tmargin

Maximize the margin

OPTIMIZATION PROBLEM 1. (RANKING SVM)

oW+ C Y ik

—

MiNimize: V(w,§) =

B | =

subject to:
v(d-u dj) S T; . HT(I)(er d'L) 2 TH@(QlJ dJ) —|_ 1 o €i1j=1

V(d@ dj) € T::L - TE(I)(G'”,& d'l) > T‘H(I)(Q'rl'-‘ dj) +1— ‘Ei,jm
ViViVk : &k > 0



22 [ 2% J i

! Neural Network Basics



T AHZE PR 2% Artificial Neural Networks

- ImageNet 1K competition, fall 2012

Alex Krizhevsky, llya Sutskever; Geoffrey E. Hinton, 2012
TheMan Behind the Google Brain: Andrew Ng Meet Facebook's Head of Artificial Intelligence -
andthe Qust o the New Al J \o Yo :
l ‘ # | FaceBoOig Bl 4l B )
! IIEE \m a0 ' 25
P Ao gl -
Researcher Dream§ Up Machines { . 20
That Learn Without Humans  |[SSRE—. A. I\ o s
9 10 BREAKTHROUGH ' .
=ed TECHNOLOGIES 2013 p——= !
p ]
== [T [ [

Error
. .
o w

v

Sequencing 0
teach context to computers A
03.11.13 2© \p of jo©
P?‘j\?\ o e ?\O(’/ N o Qe‘\l\%
With massive Reading the DNA c {37 \¢ red < P
i : e Ehe New JJork Times W o.& s @
comﬁutanonal power, Messages that quickly next frontier of
machines can now self-destruct could nomic revolutl
recognize objects and enhance the privacy ut do you reall w Suentlsts See Pl Ollll\e lll
traI = slate s;\p:t'ech 1In of online - - to kn!ow abgl D 7 P
real time. Artificial communications an netic prol ems u o o
mtelllgence |s fmally make people freer to %eusxcal Fa’pm de of eep car: 11111 10 rams
getting sm 5 be spontaneous. > your unborn child? John Markoff \m:mbel "" 2012

<0 Google DeepMind

Challenge Match

MATCH 1

-ﬁ-AIphaGo vs Lee Sedol

Google DeepMind




N T 2 2% Artificial Neural Networks

* First proposed by Warren McCulloch and Walter Pitts (in 1940s)
B Je 4 Warren McCulloch and Walter PittsAlWalter Pitts#2 H

impulses carried
toward cell body

U

nucleus

branches
of axon

dendrites

axon

terminals

impulses carried

away from cell body wo

*@® synapse
axon from a neuron
woo

cell body f (Z Wi + b)
il > Zw,—:z:,- +b : .
: output axon
activation
function

Wo T2



N T 2 2% Artificial Neural Networks

input layer

output layer
input layer
hidden layer hidden layer 1 hidden layer 2




J%UET PR| ;E&ACtiVatiO n funct Leaky ReLU

max(0.1x, x)
Sigmoid
o(z)=1/(1+ e %)

Maxout max(w!lz+b,wlz+b,)

Lz ifz >0
ELU flz) = {() (exp(z)—1) ifz<0

tanh tanh(x)

ReLU max(0,x) . . %/




output layer
input layer
hidden layer

input layer

hidden layer 1

— (A

HEY]

g

X
.k\
e
K
',‘

&
sloi
N

% xi&{
S 0;0;0

hidden layer 2

Mo -1
[ A—1 ;
)}d’ W}[A)__;[l-l}@

jla=1=1

Ny=d
w{l] X
i(2) (1))
=1

output layer

)

(

Ny -2

Zw

,—[,\-1},;{;.—2) T

flAa=21=1

HOAH 25 PR 2% 5 B BRI 2T View NN as functions

(A=2)



A7 9] 115 Forward Computation

f(z,y,2) = (z +y)z
eg.x=-2,y=5z=-4




AT

& Compute the gradient (Back Propagation)

f(a:ayaz) = (CC—l-y)Z D@q 3
eg.x=-2,y=5,z=-4 y 5

N— ]

g=z+y gL=lg=1||" f
/
of
of of ar
f=ugz 0= %3 =4 of
of of O
Want: Lo

Oz ? Oy’ Oz



T

N—

% Compute the gradient (Back Propagation)

f(z,y,2) = (z +y)z 3@q 3
eg.x=-2,y=5,z=-4 y 5

q:x+y %:1,%:1 z -4 =
of
of of i &
f=gqz By gy 2 0z
of oOf O
Want: i gu di

O’ Oy’ 0z



AT

N—

i Compute the gradient (Back Propagation)

f(z,y,2) = (z+y)z

eg.x=-2,y=5,z=-4 y 5 -

1
0q dq z -4
q:x+y %:17_:1 3
- o
of
of of Lt
f:qz a—q:z,azq aq

. Of of of
Want: B " B




TS

¥ Compute the gradient (Back Propagation)

N—

f(z,y,2) = (¢ +y)z
eg.x=-2,y=5z=-4

q=x+Yy % 1,%:1
of of
f=qz %5 =4 Chain rule: Oz
of _ 0f oq
of of 0 dr ~ dq Ox
Want: L 5 o %

Oz’ Oy’ oz



T 5446 Compute the gradient (Back Propagation)

B TV Chain rule (to compute g—f))

F =f(9:1(x,9,2),9,(x,v,2))
oOF _ of .agl_l_ of 09z
dx dg; 0x dg, ox

1
1+e7(wWoxpot+twix1+wyx2)
. . 1

sigmoid function §(x) =

e.g. consider f(w, x) = = 6(woXxg + wW1X1 + WyXx5).

1+e—*

asx) e -
Note: —= = Tro 2 = (1 5(x))6(x)
of _9f 9y

dw; 0y dw; (1=8(1))8()x1where y = woxo + w11 + W,y



¥ Compute the gradient (Back Propagation)

T

N—

: af
Backprop tries to compute P backwards
b f t,ty, ty,are the output variables of corresponding gates
T, f
t t,'
Z T, 2 Suppose we have already computed aan’ aatf ) oo
1/ 2!
: t{ = Tl(tlitzi ), té - TZ(tll tz, )
, Of
of at, U1 -
Tor’ an, 0ty af  of 0t1'+ daf 0t2'+
t, dt, o0t,’ ot; Ot,’ Jt;




3 4
-4

X
¥

fle,y) =

sigy = 1.0 / (1 + math.exp(-y)) #

num = X + sigy #

sigx = 1.0 / (1 + math.exp(-x)) ¢

Xpy = X +Yy
Xpysqr = Xpy**2
den = sigx + xpysqr #
invden = 1.© / den
f = num * invden

x+ 5(y)

6(x) + (x + y)?

tBack Propagation

invden

(8)



JE A 4

dnum = invden
dinvden = num

dden = (-1.0 / (den**2)) * dinvden

(1) * dden
dxpysqr = (1) * dden

dsigx =

dxpy = (2 * xpy) * dxpysgr X
dx = (1) * dxpy O‘
dy = (1) * dxpy
dx += ((1 - sigx) * sigx) * dsigx y
dx += (1) * dnum
dsigy = (1) * dnum
dy += ((1 - sigy) * sigy) * dsigy
We better cache the forward variables as they are af

useful in computing gradient as well.

tBack Propagation

of of

€9 dsigx ~ dden \

(3) (6) (7)
S Sigx n den -

invden
N Xpy sq Xpysqr f

(4) (5) X
(8)
0 _ + num
1y e
(3) (4) (2)

df 0dsigx af Oxpy df Jdnum

ox dsigx  0x
= (1 —sigx) - sigx - dsigx + dxpy + dnum

dxpy O0x dnum  0Ox



5 A& H5Back Propagation

RelLU Gate /

of o
. 0
ox RelU ’
X y = max(0, x)
of of .
— >
3y axlfx_O
Y _0ifx <0
so. LY of oy
— 7 ox 0y dy
RelLU
0
x<0:—f=0
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THALFE Preprocessing:

« EJEAK Zero mean
« M AL Whitening: equalize the top-k principle directions

original images top 144 eigenvectors reduced images whitened images

- l

v 4 - - .’
E - - ol . o
=AM I IS N AN M SN
‘o e

Images by top-144 After equalizing the
eigenvectors top-144 directions

Note: not used so much in CNN
(see PCA. next time)



[l P

% 75 A Whitening

original data

zero-centered data normalized data
. “
< ;‘é" | At
- — I I
'; |
- @
mxn ) 0 L) 1; 5 ? B T w
original data decorrelated data whitened data




Y ZRF L M 2% Training NN

* Training: Mini-batch SGD mini-batchFEHLAR T [F

loss func

fO y®
DNN

Inputx(o

Sample a batch of data X #f

St

Forward (compute all forward variables) Fj {5115
L= Z{iEminibatch} L(f(i)' y(i))
Backward to compute the gradient 11558
oL aL T
7L = (2, )
Update the weight 5 5 fL
w<w+nV,L

awz ) nus



Fin 5 R 2 Loss functions

_1yn
~ i=1Li

* Li = Xjzy,max (0, f; — f;, + 1) (multiclass SVM loss) recall max(0, x) hinge loss

f = (1, s fjs -er fa) output of NN
e.g. f =(3,-5,2.5) the true label is y; = 0
L =max(0,-5—-3+4+1) +max(0,25—-3+1)=0+0.5
R R 2 fﬂ%ﬁ% Xf . SVM
e’ Vi
Z e
AR A2 fﬁ%ﬂ‘” XF W 1% 2 [ ] )

 L; = —log( ) (cross-entropy loss/soft-max)

PRI, AT LR B 28 (15— 2 (loss) B — MESR FINLAS 7 A (LGEISVM)
13RI T PR J2 78 BSOS T A i AN AR A A 2 7 22 ik
TR BE A 22 9 2% B A FH s A A5 e el AR AR I AR B 5 B R (R AR A5 B2 2 2 2]



Y ZRFR L M 2% Training NN

I EE U4 Weight initialization
« 42740 Zeros
« /NPREALEL Small random numbers ~ N(0,0.01)

e 5 1F J5 7 Calibrating the variance
1
Jn

ihnput Var(Cr, wix;) = Y-, Var(w)Var(x;)

w ~—=N (0, 1) ensure the outputs here similar distr

(assuming E[x;] = 0)



Y ZRF L M 2% Training NN

7 5 Tricks:

* Choose successive examples from different classes M A~ [E]2 ik £E1% 22 I FEAS
--Try to update gradient fast R 5 H A &

e Choose the data with large error first 3 £FE5E 15 22 I FE 2
--careful: outliers would be disastrous 3 & outliers

* Momentum Zfj & 5§ vk

Awt*t «nV L + pAwt
t+1

L/L

w—wt+Aw

Useful in the directions with low curvature 7E Bl 2 /N 5 ] _E A %%



Adagrad [Duchi, Hazan, Singer JIMLR 11]

Projected grad descent ¥ 520 E T [
. 2
Xerq = Hx(x¢ —ng:) = argmin,cx Hx — (x¢ — Ugt)”z

Steepest descent in Mahalanobis norm HxI‘A = VxT Ax

1
— : 2 _ \'t T
Xt+1 = argiiNyex | X — (xt o UGt ) Gl/2 Gt = Lr=1Y91Y97
t

P_-—-_\
>
/ o ““\\ s s
( \) e Unit norm of G, :xTGt x =1

- ol 8-

Unit norm of Gt_l/2

The above is computation expensive



Adagrad

Diagonal adaptation

1
Yoan = argmingey |[x = (= 1109 (6) 291 | g o

Zg 9%1

Try to make the first order method better conditioned Mt gfi
Related to FTRL, dual averaging, proximal method

In ADAGRAD, after a few iteration, the variance in y direction accumulate




RMSProp

[Tieleman, Hinto 2012] ,
gt1

V. = decayrate X v;_; + (1 — decayrate) X g2
ti

1
Xes1 < Xe — (V) 29

Tensorflow Code:
tf.train.RMSPropOptimizer(learning_rate, decay=0.9, momentum=0.0, epsilon=1e-10)

Keras Code:
keras.optimizers.RMSprop(lr=0.001, rho=0.9, epsilon=1e-08, decay=0.0)




my < By Xme_1 + (1= 1) X g¢
Ve < Py X Vg

My « —
t\
1-p¢
Ut<
1-5

1
Xep1 < Xe — (V) 2 My

Tensorflow Code:
tf.train.RMSPropOptimizer(learning_rate=0.001, betal=0.9, beta2=0.999, epsilon=1e-08,)

Keras Code:
keras.optimizers.Adam(lr=0.001, beta_1=0.9, beta_2=0.999, epsilon=1e-08, decay=0.0)




Batch Normalization [loffe, Szegedy]

 BP needs to be modified to account for the

For a layer of input vector x: change }ilﬁﬁé{%ﬁ%ﬁ%%{%ﬁ
Normalize: .
* Improves gradle‘nt flow through the network HJ
(k) z®) — E[z®)] DL I 25 R sk FE I
et = \/Var[a:(’“)] . ,%Ijows higher learning rates J01F 5 = B 52 > i
* Reduces the strong dependence on initialization
Xl e SR SRR AR ff
y(k) - ,y(k)x(k) 4 @(k) /D X AR A A S -
‘\ / * Acts as a form of regularization in a funny way,

N and slightly reduces the need for dropout, maybe
Additional parameters to learn (thru BP) e SRR RE 2 TE 4,

Tensorflow Code:
tf.nn. batch_normalization(x, mean, variance, offset, scale, variance_epsilon, name=None)

Keras Code:
keras.layers.normalization.BatchNormalization(axis=-1, momentum=0.99, epsilon=0.001, center=True, scale=True)




Y ZRFR L M 2% Training NN

* Dropout:
* An effective way to prevent overfitting 7] LLAT 2S5 1B UL &
* |n each iteration, drop each node with probability p, and train the remaining
network. BEGEMT, DMERpEEEN T A, R T 1M 4
* In some sense, it has the effect of regularization £ 1 Ak 1) %5,
» Make the training faster B] DLUf# I 25 52 5
* Can be seen as an ensemble of many network structures (in a loose sense) 1] PL#¥

AR 22 WX 245 G540 1) R 2%

keras.layers.core.Dropout(rate, noise shape=None, seed=None)

rate: float between 0 and 1. Fraction of the input units to drop.



Y ZRF L M 2% Training NN

 Step size schedule
e First larger step size, then smaller step size 56 KFE K, BH/NMNEK

* Data Augmentation Z{#E 14

» E.g., images — flip, rotate, shift the images, delete some (rows or col) pixels

* Lots Lots of other tricks [Book: Neural Networks: Tricks of the Trade]

* Fancier: Learning to learn
* Using deep neural network to learning how to do gradient descent
FHGR B i 22 ) 2% 25 5 > i SRABOR B2 1 Bae

Learning to learn by gradient descent by gradient descent, NIPS16
Learning Gradient Descent: Better Generalization and Longer Horizons,ICML17




HIRVER FE 57 2] °F- 5 Open Source DL platforms

 Caffe
* Theano (compatible with python)

* TensorFlow (Google, support multi-GPU)
* Mxnet (https://github.com/dmlc/mxnet) (support multi-GPU)

* Keras is a high-level neural networks library, written in Python and
capable of running on top of either TensorFlow or Theano

* https://keras.io/



https://github.com/Theano/Theano
https://github.com/tensorflow/tensorflow
https://github.com/dmlc/mxnet

Tensorflow T&]4)



TensorflowZ{FE

e ——

e ik & Tensor

The central unit of data in TensorFlow is the tensor. A tensor consists of a set of primitive values

shaped into an array of any number of dimensions. A tensor's rank is its number of dimensions.
Here are some examples of tensors:

3 # a rank @ tensor; this is a scalar with shape []
[1. ,2., 3.] # a rank 1 tensor; this is a vector with shape [3]

[[1., 2., 3.1, [4., 5., 6.]] # a rank 2 tensor; a matrix with shape [2, 3]
[[[1., 2., 3.1], [[7., 8., 9.]]] # a rank 3 tensor with shape [2, 1, 3]

Placeholder: a placeholder is a promise to provide a value later (can also be viewed as tensor)

a = tf.placeholder(tf.float32)



TensorflowZ{FE

e ——

e 115 K Computational Graph

You might think of TensorFlow Core programs as consisting of two discrete sections:

1. Building the computational graph. Tensorflowi% Lo 3 L 55 2340 -
— R
2. Running the computational graph.  — zZ471+ & H
A computational graph is a series of TensorFlow operations arranged into a graph of nodes. Let's
build a simple computational graph. Each node takes zero or more tensors as inputs and produces a
tensor as an output. One type of node is a constant. Like all TensorFlow constants, it takes no
inputs, and it outputs a value it stores internally. We can create two floating point Tensors node1

and node2 as follows: 15K R A\ fi i Ztensor, H[E]YT £ TensorFlow F#EAE . A HoAth—
KA E. MM ET R
node1 tf.constant(3.0, dtype=tf.float32)

node2 = tf.constant(4.0) # also tf.float32 implicitly
print(nodel, node2)



TensorflowZ L

e Session: something that encapsulates the control and state of the
Tensorflow runtime. To actually evaluate the nodes, we must run the

N —a

computational graph within a session. #4117 % Esession g 17+ 5 &

nodel = tf.constant(3.0, dtype=tf.float32)
node2 = tf.constant(4.0) # also tf.float32 implicitly
print (nodel, node2

(<tf.Tensor 'Const:0' shape=() dtype=float32>, <tf.Tensor 'Const 1:0' shape=() dtype=float32>)

Notice that printing the nodes does not output the values 3.0 and 4.0 as you might expect. Instead, they are nodes
that, when evaluated, would produce 3.0 and 4.0, respectively. And the following code creates a Session object and
then invokes its run method to run enough of the computational graph to evaluate nodel and node2. By running the
computational graph in a session as follows:

sess = tf.Session()
print (sess.run([nodel, node2])

3-8 200 e session B AT T AL, S B ) B AR B



TensorflowZ{FE

D ——

« B KT HE More complicated computations

nodel = tf.constant (3.0, dtype=tf.float32)

node2 = tf.constant(4.0) # also tf.float32 implicitly /\d(j
node3 = tf.add(nodel, node2) const3
print("node3: ", node3)

print("sess.run(node3d): ",sess.run(node3) const4

('node3: ', <tf.Tensor 'Add:0' shape=() dtype=float32>)
('sess.run(node3): ', 7.0)



TensorflowZFE

o EINE 211 E (i Aplaceholder) More complicated computations: Placeholder makes the
computational graph accept external inputs possible

placeholdern] LAt 5 B B2 52 AR A

a tf.placeholder(tf.float32)
b tf.placeholder(tf.float32)
adder node = a + b # + provides a shortcut for tf.add(a, b

The preceding three lines are a bit like a function or a lambda in which we define two input
parameters (a and b) and then an operation on them. We can evaluate this graph with multiple
inputs by using the feed_dict parameter to specify Tensors that provide concrete values to these
placeholders:

print (sess.run(adder node, feed dict={a: 3, b:4.5}))
print (sess.run(adder node, feed dict={a: [1,3], b: [2, 41})

7.5
[ 3. 7.] Ffeed_dict¥ #iL.%5placeholderfi
it B AR BB




TensorflowZ L

« 5 INE 4Kt B More complicated computations

add_and...
yO

a = tf.placeholder(tf.float32)

b = tf.placeholder(tf.float32)

adder node = a + b # + provides a shortcut for tf.add(a, b)

add and triple = adder node * 3. adder no
print (sess.run(add and triple, {a: 3, b:4.5}) — e

22.5



TensorflowZFE

« I INE 4Kt B More complicated computations

In machine learning we will typically want a model that can take arbitrary inputs, such as the one
above. To make the model trainable, we need to be able to modify the graph to get new outputs with
the same input. Variables allow us to add trainable parameters to a graph. They are constructed
with a type and initial value:

tf.Variable([.3], dtype=tf.float32)
tf.Variable([-.3], dtype=tf.float32)
= tf.placeholder(tf.float32)
inear_model = W * x + b

VariableZZ &, 1] PLASAK, —f&VariablefCER T 2%

H X T =
1



TensorflowZ{F£ Tutorial for Tensorflow

e tf.constant: tensors whose value never change and they are initialized
when you call tf.constant

e tf.Variable: tensors whose value can change and they are initialized
when you call a special operation as follows:

init = tf.global_variables_initializer()
sess.run(init)

It is important to realize init is a handle to the TensorFlow sub-graph that initializes all the global
variables. Until we call sess.run, the variables are uninitialized.



TensorflowZ L

o ZESHIH, — P TensorflowH) B 2614 bR ZL I FE P

Combine all the previous:

W tf.vVariable([.3], dtype=tf.float32)

b tf.Variable([-.3], dtype=tf.float32)

X tf.placeholder(tf.float32)

linear model = W * x + b

init = tf.global variables initializer
sess.run(init)

print(sess.run(linear model, {x:[1,2,3,4]}))

[ O. 0.30000001 0.60000002 0.90000004]



e ——

TensorflowZ{FE

o 512Kk K% Loss function in Tensorflow

A loss function measures how far apart the current model is from the provided data. We'll use a
standard loss model for linear regression, which sums the squares of the deltas between the current
model and the provided data. 1linear_model - y creates a vector where each element is the
corresponding example's error delta. We call tf.square to square that error. Then, we sum all the

squared errors to create a single scalar that abstracts the error of all examples using
tf.reduce_sum:

y = tf.placeholder(tf.float32)

squared_deltas = tf.square(linear_model - y)

loss = tf.reduce_sum(squared_deltas)
print(sess.run(loss, {x:[1,2,3,4], y:[0,-1,-2,-3]}))

producing the loss value

23 .66



TensorflowZFE

* Training: TensorFlow provides optimizers that slowly change each variable in
order to minimize the loss function. The simplest optimizer is gradient

descent. Tensorflow#efit L s2H I Ififh 77vE, WGD, SGD, 5%

optimizer = tf.train.GradientDescentOptimizer(6.01)
train = optimizer.minimize(loss)

sess.run(init) # reset values to incorrect defaults.
for i1 in range(1000) :
sess.run(train, {x:[1,2,3,4], y:[0,-1,-2,-3]})

print(sess.run([W, b])) <[ W ZE WA }

results in the final model parameters:

[array([-0.9999969], dtype=float32), array([ ©.99999082],
dtype=float32)]



TensorflowZ L

« SEHHIFEF A complete progam

import numpy as np
import tensorflow as tf

# Model parameters

W = tf.variable([.3], dtype=tf.float32) ] Sk :

b = tf.variable([-.3], dtype=tf.float32) B ZA ] Variable
# Model input and output

X

= tf.placeholder(tf.float32)
linear_model = W * x + b i N H Fplaceholder

# loss

loss = tf.reduce_sum(tf.square(linear_model - y)) # sum of the squares 5 Floss
# optimizer

optimizer = tf.train.GradientDescentOptimizer(0.01) J5EMNALE 1L

train = optimizer.minimize(loss)



TensorflowZFE

# training data
x_train [1,2,3,4]
y_train [0,-1,-2,-3]
# training loop
init = tf.global_variables_initializer()
sess = tf.Session()
sess.run(init) # reset values to wrong
for i in range(1000) :

sess.run(train, {x:x_train, y:y_train}) SEPR T B L 2 session H B AT

SN PN R

# evaluate training accuracy
curr_W, curr_b, curr_loss = sess.run([W, b, loss], {x:x_train, y:y_train})
print("W: %s b: %s loss: %s"%(curr_W, curr_b, curr_loss))

Results:

W: [-0.9999969] b: [ 0.99999082] loss: 5.69997e-11



Tensorflow for MLP (multi layer perceptron)



Tensorflow for MLP

# tf Graph input

tf.placeholder("float", [None, n_input])

«~—— Create 2 placeholders

= tf.placeholder("float", [None, n_classes]) i N H %2 X placeholder
FeEE T S

# Create model

def

multilayer_perceptron(x, weights, biases):

# Hidden layer with RELU activation . 1747 . 11471
x weights| hl biases| b1l
layer_1 = tf.add(tf.matmul(x, weights['h1']), biases['b1l']) 4//”’”//// g [ ] t [ ]

layer_1 = tf.nn.relu(layer_1) « ReLU(layer 1)
# Hidden layer with RELU activation

layer 2 = tf.add(tf.matmul(layer_1, weights['h2']), biases['b2']) +— layer_1 weights['h2'] + biases[ b2']
layer_2 = tf.nn.relu(layer_2). ReLU(layer_Z)

# Output layer with linear activation

out_layer = tf.matmul(layer_2, weights['out']) + biases['out']
return out_layer

«—— layer_2 weights['out'] + biases[ out']



Tensorflow for MLP

# Store layers weight & bias

weights = { Create a variable of shape [n_input, n_hidden_1]
'h1': tf.Variable(tf.random_normal([n_input, n_hidden_11)) / which satisfies the normal distribution.
'h2': tf.Variable(tf.random_normal([n_hidden_1, n_hidden_2])), P8, 52 M Variable
'out': tf.Variable(tf.random_normal([n_hidden_2, n_classes]))

}
biases = { ) ) ]
'p1l': tf.Variable(tf.random normal([n_hidden_11)),— Create a variable of shape [n_hidden_1] which
'b2': tf.variable(tf.random_normal([n_hidden_21)), satisfies the normal distribution.
'out': tf.Variable(tf.random_normal([n_classes]))
}
7€ M loss:
# Construct model Softmax-p(i)(l _ C) _ exp(pred][i,.c])
pred = multilayer_perceptron(x, weights, biases) | Y.c exp(predli,c])

Cross_entropy:— 3; y|i] log(pW (1 = y[i]))

# Define loss and optimizer
cost = tf.reduce_mean(tf.nn.softmax_cross_entropy_with_logits(logits=pred, labels=y))
optimizer = tf.train.AdamOptimizer(learning_rate=learning_rate).minimize(cost)

# Initializing the variables ‘\\\\\\\

init = tf.global_variables_initializer()

Use Adam to minimize the loss



Tensorflow for MLP

# Launch the graph L Create a session

with tf.Session() as sess:
sess.run(init) <« et )
Initialize all the variables

Train training_epochs epochs

# Training cycle
for epoch in range(training_epochs): -— U”gﬁ;mepochiﬁi

avg_cost = 0. < Set loss as 0
total_batch = int(mnist.train.num_examples/batch_size) . ) .
potalbaten - ant(nist \ Compute the number of iterations in every epoch
> AN #5271y AN

for i in range(total_batch): TR epoch;c%/" NME T

batch_x, batch_y = mnist.train.next_batch(batch_size) total_batch iterations in every epoch

# Run optimization op (backprop) and cost op (to get ISEE\EETUET\\\\“(Settrainingtjata

_, ¢ = sess.run([optimizer, cost], feed_dict={x: batch_x, . e

_ 53] N batch I ZR 545
y: batch_y})
# Compute average loss <\\\\\\““-~\\5 BATTHFE K, 143X batch

avg_cost += ¢ / total_batch
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Keras for MLP

model
model
model
model
model
model

model

model.

.summary () ~
=]
fit & model FH K1 25 )11 25 LOSSmcrossentropy
. L . . Many other loss functions:
compile(loss="'categorical_crossentropy',

- mean_squared_error,
optimizer=RMSprop(), mean_absolute_error, hinge,
metrics=['accuracy']) kullback_leibler_divergence,

. o " cosine_proximity, ...
YIS 5 Hepoch J

history = model.fit(x_train, y_train,

- Sequential() % Sequentialsz — & ¥lllayer B 26 1" ¥) stack7E — it J SRR, WAN4ET784, T 4E%i512
TR Vi d N\ 2 #0784 X batchsize, i

.add(Dense (512, activation='relu', input_shape=(784,))) 4k #7512 X batchsize
.add(Dropout(0.2)) —==::{ Dropout ] Lt {1 J
.add(Dense(512, activation='relu')) r
.add (Dropout (0.2)) \L EIEREE, 45512, iﬁﬁﬁé&i&sn}
.add(Dense(10, activation='softmax')) r

L EERE, WANEEG12, fit4Eio J

N A] ‘\ EI
batch_size=batch_size, ﬁﬁ_pﬁ_ﬁ%ERMsprop
- Hfihoptimizer: SGD, Adagrad,
jerbosity moce. 9~ epochs=epochs, adam, adadelta, ...

silent, 1 = verbose, 2 =
one log line per epoch.

verbose=1,

score

validation_data=(x_test, y_test))

= model.evaluate(x_test, y_test, verbose=0) <[ 35 [Fllossfi Rmetric A 1E }
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